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Abstract-The buckling and post-buckling analysis of elastic planar frames is considered and the use of
geometrically exact beam models is thereby advocated, It is shown that usual technical beam models fail to
predict correctly the curvature of the post-buckling curve at bifurcation even for standard problems of
elastic stability theory. It is also argued that versatile and efficient computational procedures for bifurcation
analysis of general planar frames are to be based on unconstrained beam models. Some remarks on finite
element representation of nonlinear beam models are passed in conclusion.

1. INTRODUCTION

The present paper-devoted to geometrically nonlinear planar beam models-is oriented
toward the post-buckling analysis of beams and frames, within the scope of Koiter's theory of
elastic stability[I]. This theory-while widely successful as a rational explanation of the
observable nonlinear behaviour of elastic structures-has not produced so far a huge number of
specific, quantitative results. In particular, the perturbation procedures deriving from Koiter's
approach have not yet gained an established position within the field of computational
mechanics (as properly defined by Oden and Bathe [2]). From this point of view, the overall
situation has not changed very much, since the appearance of the tepid review article by
Gallagher in 1975 [3].

Nevertheless, the writers maintain that efficient and versatile numerical procedures for
post-buckling analysis could actually be implemented-provided the Koiter's theory be given a
suitable computational setting, and the relevant information on nonlinear behaviour be properly
embodied within the computer program. In a preceding paper[4], this opinion has been
discussed at large and some general conclusions about the feasibility of a computer-oriented
perturbation method have been drawn. One of them-most pertinent to the present SUbject-is
that a tractable compatible model can not encompass nonlinear kinematical constraints (the
basic motivation for this is being given in Section 2). We are hence confronted with the task of
considering beam models not incorporating axial and/or shear undeformability constraints,
which would unavoidably be nonlinear-if enforced with the accuracy required. Two alter­
natives are described in Section 3.

Geometrically exact nonlinear beam models-while obviously far from new (see, e.g. the
treatise by Antman[5]) have not been widely employed in structural mechanics. On the
contrary, "a great number of nonlinear technical theories (have been developed) that are based
upon ad hoc assumptions leading to the neglect of certain kinematical terms regarded as small.
These theories enjoy neither the accuracy and the generality of the complete nonlinear theory
nor the analytic simplicity of the linear theory" (Antman[5] Section 1). On our part, we may
add that technical theories prove to be unreliable in predicting the post-buckling solution of
even the most standard beam problems (evidence is to be found in Section 6). Hence, the
warning set forth by Koiter [6] against the omission of "small" terms within the equations of
elastic stability for thin shells, has to be repeated also in this comparatively simpler context (at
least as far as post-buckling behaviour is concerned).
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The bulk of theoretical, as well as experimental, research on post-buckling of beams and
frames has been done in the United Kindgom; a comprehensive account of this work (up to
1973) is given in the book by Britvec[7]. Throughout this volume the inextensible, shear
undeformable beam model is nearly invariably considered. The same model is used in the book
by Thompson and Hunt [8] which undoubtedly is possessed of a more pronounced com­
putational flavour. The finite element solutions presented by these authors for two sample
problems (the Euler strut and the Roorda frame), notwithstanding their good convergence
properties, clearly demonstrate that the finite element fabrication of finite displacement fields
for internally constrained beams can hardly be contrived into a general automatic procedure
(see Section 7).

2. A SUMMARY OF BUCKLING AND POST-BUCKLING ANALYSIS

In this section we briefly sketch the fundamentals of bifurcation analysis developed in Ref.
[4], broadly following the treatment by Budiansky[9] and his compendious notation. Before
entering the matter, two remarks are due: (i) here-as well as in Ref. [4]-only simple
bifurcation is considered, and (ii) no mention is made here of the treatment of so-called
"imperfect" systems-in contrast to Ref. [4], which hinges upon this topic; in fact, the very idea
of a computationally sound perturbation procedure depends on the automatic fabrication of a
suitable "perfect" system, and the relevant "imperfection term", starting from a given imperfect
system. However, there is nothing peculiar to beam models to be discussed in this connection;
the interested reader is therefore referred to our paper[4].

We shall consider perfect (i.e. bifurcating) systems characterized by a total potential energy
functional

def

Il(u, A) = cI>(u) - f(A)u (2.1)

u being the displacement field of the hyper-elastic body under consideration and Aa parameter
governing the external force field acting on it (for simplicity, f is supposed to be independent of
u). Functional cI>(.) associates to each displacement field, belonging to a suitable function space
"If the corresponding value of the elastic strain energy.

The equilibrium condition is obtained by requiring the functional IlL A) to be stationary
within the set 6ll C "If of kinematically admissible displacement fields, i.e.

I1'(u, A)8u == cI>'(u)8u - f(A)8u = 0, Ir/8u E g-(u) (2.2)

where g-(u) C "If is the tangent space to 6ll in u, and a prime denotes (Frechet) differentiation
with respect to u in "If. Equation (2.2) implicitly establishes a relationship between pairs (u, A)
which make it satisfied. We shall call equilibrium path a smooth branch of such a relationship,
and presume that two distinct equilibrium paths cross each other at a bifurcation-or "criti­
cal"-point (uc, AJ. One of them (named fundamental path) is supposed to be known in
advance, in the explicit form

(2.3)

and we intend to determine the second one (bifurcated path) in a neighbourhood of the
bifurcation point. The bifurcated path will be described in the parametric form

A = A(t)

t representing a suitably defined abscissa along the path. Obviously, the fundamental path (2.3)
is also susceptible of the parametric representation, companion to eqns (2.4)

A = A(t)

u = Uf(A(t»
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(notice that eqns (2.41) and (2.51
) coincide). It proves useful to introduce next the differential

displacement from the fundamental to the bifurcated path for a given value of t:

def
V(t) == Ub(t)- u'(A(t». (2.6)

At bifurcation, the differential displacement vanishes by definition. In the following, we shall
make the null value of t to correspond to bifurcation; hence

v(o) == o. (2.7)

By definition, the equilibrium equation (2.2) is identically satisfied along both paths (2.4),
(2.5), i.e.

Il'(u'(A(t», A(t»Bu == 0, 'VBu E ,q-(u'(A(t»)
Il'(ub(t), A(t»Bu == 0, 'VBu E ,q-(ub(t»

for any value of t (not too far from t == 0). Note that in general, the spaces of virtual
displacements ,q- appearing within eqns (2.8) do depend on t. Obviously, this circumstance
creates extreme difficulties when one wants to differentiate eqns (2.8) with respect to t. If, and
only if, the set !.Pl of kinematically admissible displacement fields is a linear manifold in 'Y, i.e.

'W being a subspace of r, ,q-(u) turns out to be independent of u:

,q-(u) == 'W, Ir/u E !.Pl.

In this case, the kth t-derivatives of eqns (2.8) are straightforwardly evaluated at t == 0:

(k) I)Il'(u'(A(t», A(t» ~~o == 0

(k) I 'VBu E 'W.
Il' (ub(t), A(t) ~~o == 0

(2.9)

(2.10)

As mentioned in Section 1, this is the basic reason why nonlinear kinematic constraints­
which would invalidate eqn (2.9)-should be avoided (if a compatible model is sought). Obvious
as it is, it is worthy of mention that difficulties of this kind simply disappear when dealing with
linear problems.

Equations (2.11) constitute the starting-point of our perturbation analysis. By subtracting the
first t-derivatives along the two paths (by correspondence with t == 0), we get

(2.12)

where a superposed dot denotes differentiation with respect to t (i.e. Ii == (~), and suffix c labels
quantities evaluated at bifurcation (t == 0). The solution of the eingenvalue problem (2.12) yields
both the critical load parameter Ae and the buckling mode lie (which is supposed to be simple).
This concludes the linearized buckling analysis; the post-buckling analysis is performed by pair­
wise subtracting higher-order t-derivatives (2.11). From the second derivatives (k == 2) we get

(2.13)

where a hat denotes differentiation with respect to A. From the third derivatives (k == 3) we get

{<II" v· +<II N Ii 3 +3'\ <II IVu'Ii 2+3'\ 2<11 N[UA ')2V• +3A..mv• v"c c c c c c c c c c c c ...... c c c

(2.14)
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and so on, for k > 3. While more and more exacting, the procedure is evidently modular. Notice
in particular that the same self-adjoint singular operator <P~ appears within eqns (2.B) and
(2.14), which may be regarded as (linear) equations in Vc and ire, respectively, to be solved in
succession. The enfo.rcemellt of Fredholm orthogonality condition on eqns (2.13), (2.14)
delivers the value of Ae and An respectively:

<p'~Ve3

2<p'~a!v/

A =e
<p/V {ve

4 +3Aeu/V/ +3A,/[u!j2v/}
3<P~a!ve2

In conclusion, the results of the above described perturbation analysis furnish the first n
terms of the series expansions

n 1 (k)

V =L I" V etk +o(tn
)

k~1 k.

which-under suitable smoothness conditions-may be used for representing the bifurcated
path near (uoAe ). We shall truncate series (2.16) at n =2, without pursuing the evaluation of
higher order terms.

3. KINEMATICS OF PLANAR BEAMS

Beam theory may be developed either from the three-dimensional theory, or directly as a
one-dimensional model. Subsections 3.1 and 3.2 are devoted to these two distinct approaches,
respectively. The simplest kinematical setting will be adopted in both.

The line of centroids of the beam will be assumed to be straight in its reference configura­
tion, and the cross-sections to be normal to this straight line. An orthonormal basis {i, j, k} for
the ambient space ~3 will be selected, in such a way that the line of centroids-in its reference
configuration-lies onto the interval [0, t] of the x-axis (with t> 0). The abscissa s E [0, t] will
be used as a material coordinate, labelling the cross-section whose centroid has reference
position (s, 0, 0).

The generic configuration of the beam, undergoing a deformation parallel to the plane
spanned by i, j, will be identified through the vector function

nO = u(')i +v(·)j (3.1)

and the scalar function 4>('), n(s) as representing the displacement of the centroid sand 4>(s) as
measuring the rotation of the cross-section s (about the z-axis). The position vector of a centroid r
is hence connected to n through

r(s) = si +u(s)

while the unit normal vector a to a cross-section depends on 4> as follows

a(s) = cos 4>(s)i+ sin 4>(s)j

(in the reference configuration 4>(s) == 0 ::} a(s) == i).

3.1 Development from the three-dimensional theory
We have first to obtain a three-dimensional displacement field

(3.2)

(3.3)

(3.4)
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depending on the previously introduced one-dimensional fields u(s), 4>(s). It is intended that
(x, y, z) are the coordinates of the reference position of a body-point.

A planar displacement field uP(x, y, z) will be constructed as follows (see Fig. 1)

and the Green tensor

uP(x, y, z) = u(x) - y sin 4>(x)

vP(x, y, z) = v(x) +y[cos 4>(x) -1]

wP(x, y, z) = 0

_ 1(OUi +~+ ~ OUh OUh)(' • -1 2 3)Ejj-- - ~-- 1,/- , ,2 oXj OXj h= I OXj aXj

(3.5)

(3.6)

will be used as a local measure of strain (within eqn (3.6), XI> X2, X3 stand for x, y, z and
UI> U2, U3 for uP, vP, wP). By substituting eqns (3.5) into eqn (3.6), one readily obtains that all
strain tensor components vanish identically, except Ell and EI2 == E21> whose values are given by

2EI2 = v' cos 4> - (l +u')sin 4>

where a prime denotes differentiation with respect to s; note that EI2 is constant over a
cross-section.

3.2 Direct approach
Following the treatment by Antman[10], we introduce the vector field (see Fig. 2)

b(s) = -sin 4>(s)i +cos 4>(s)j (3.8)

so that the pair (a, b) constitutes an orthonormal basis with the same orientation as (i, j)
(recollect eqn (3.3». The strains E, y, X are defined through

r' = (l + E)a+ yb

X = 4>'.

Y

P(X,y)t-------.-I
uP(x,Y)

4>(X)

v(x)

(x.O) u(x) x

Fig. 1. Development from the three-dimensional theory.
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Fig. 2. Direct approach.

~(s)

~(s)

x

Equation (3.91
) is tantamount to

€ = (l +u') cos q, +v' sin q, - 1

'Y = v' cos q, - (l +u') sin q, (3.1OZ)

as it readily follows from eqn (3.2). Note that the right-hand sides of eqns (3.1OZ) and (3J2)
coincide.

It is perhaps worthy of mention that the same conclusions are arrived at by following a sort
of "dual" argumentation, as the authors did in Ref. [II}. Stresses N, Q, M are introduced first,
such that the internal force exerted across a cross-section is represented by

and the internal couple by

t= Na+Qb

m = MaXb.

(3.11)

(3.12)

Equilibrium is then directly enforced in a generic configuration, and-via a rate of work
equation-the strain rates associated to the above introduced stresses are expressed in terms of
displacements and displacement rates:

i = i(u, q,; o,~)

y= y(u, q,; o,~)

X= X(u, q,; 0, ~).

(3.13)

Equations (3.13) turn out to be integrable, yielding exactly the same strain-displacement
relationship represented through eqns (3.10), (3.~).

3.3 Constrained beam models
From the exposition of the above two sub-sections, it is apparent that meaningful internal

constraints, to which both beam models may conceivably be subjected, will in general be
nonlinear by nature.

Consider the Bernoulli hypothesis: cross-sections remain normal to the line of centroids.
Such a constraint is expressed in both models by the same equation

v'(s) cos q,(s) - [1 +u'(s)] sin q,(s) = 0, 'tis E ]0, t[ (3.14)
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which is easily satisfied by assuming that «>(.) depends on uO according to

v'(s)
«>(s) = arctan 1+u'(s)'

333

(3.15)

However, linear boundary conditions on «> are transformed through eqn (3.15) into nonlinear
ones in u'.

Consider next the beam model of Sub-section 3.1 with an inextensible line of centroids; such
a constraint is imposed through

1
u'(s) +2: [U'2(S) +V'2(S)] = 0, Vs E ]0, f[

or the beam model of Sub-section 3.2 subjected to the constraint E= 0, implying that

[1 +u'(s)] cos «>(s) +v'(s) sin «>(s) - I = 0, Vs E ]0, f[.

(3.16)

(3.17)

Equations (3.16) and (3.17}-though different from each other-admit the same set of solutions
when coupled with the shear undeformability constraint (3.14). This set is most straightfor­
wardly represented by assuming that u(') depends on «>0 through

u'(s) = cos «>(s)-1

v'(s) = sin «>(s).

Again, troubles arise from kinematical boundary conditions. Boundary conditions will however
be discussed in a proper variational setting within next section.

4. STRAIN ENERGY FUNCTIONAL FOR A FRAME

To describe a particular hyper-elastic beam, we need assign a specific form to the strain
energy functional, that we shall express as

4>(u) == fg(E(U)) (4.1)

where EO represents the strain- displacement relationship. We shall consider but the simplest
form of functional fg(.), assuming it to be quadratic and homogeneous:

(4.2)

(the second assumption is equivalent to the hypothesis that the considered reference configura­
tion is stress-free).

Namely, for the beam model developed in Sub-section 3.1 we define the strain energy
functional through

(4.3)

where 9i C ®3 is the domain occupied by the beam in its reference configuration and E, G are
three-dimensional elastic constants (under sufficiently strong hypotheses on material symmetry
any functional (4.2) reduces to the form (4.3), on account that Ell' EI2 == E21 are the sole
non-vanishing strain components). Integral (4.3) is usefully evaluated as

~(E) = If ds r -2
1(EE~I +4GE~2) dA

o Ji1I(s)
(4.4)

~ (s) being the two-dimensional domain occupied by the cross-section s. After substitution of eqns
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(3.7) into eqn (4.4), the integration over ~ is easily performed. As a result, functional <1>(.) will
contain the following parameters: axial and shear rigidities EA, GA and flexural rigidities EI.
E14; A being the area of ~, while

det (

1= J:Jl y2 dA

det (

14 = J:JlldA.

It is supposed that

Let us now consider the beam model developed in Sub-section 3.2; we shall pose for it

(4.6)

where symbols EA, GA, EI for the elastic constants are borrowed from the previous model
(material symmetry is again supposed to exclude coupling terms, bilinear in E, 'Y, x).

The material behaviour represented by eqn (4.4), together with eqns (3.7), is by no means
identical to the one represented by eqns (4.6) and (3.9). We claim nothing about the possible
physical foundation of any of the two models-which will henceforth be named Model 1 and 2,
respectively. To the present purpose, it is sufficient to state that: (i) both models originate the
same linearized problem (about the reference configuration), and (ii) for increasingly large axial
and shear rigidities, both models consistently approach the inextensible, unshearable beam
characterized by the strain energy functional

(4.7)

together with eqns (3.18).
In the next two sections, we shall indeed focus our attention on asymptotic solutions

obtained for infinitely large EA and GA. This should not throw any doubt upon the usefulness
of considering unconstrained beam models in the present context, however. As we strive to
show, such a choice is in fact dictated by overriding computational reasons. By the way, we are
fully aware that the analysis of highly axially and shear deformable beams does deserve
attention (see, for instance, the brilliant qualitative analysis by Antman in [10], and, on the other
side, the stimulating experimental evidence provided by Schapery and Skala in [12]). While the
present computational approach could straightforwardly embody physically sound models of
such phenomena, we keep this paper within a more limited scope, considerillg only the most
unsophisticated constitutive relations.

The most commonly used "technical" beam models may be conceived as approximative
versions of Modell. We shall name Model 3 the one based on the assumptions:

<P = V'

(4.8)

(4.9)

(4.10)

Equation (4.8)--though simplified with respect to eqn (3.71)--is still rigorously correct, being
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left invariant by an arbitrary rigid displacement from a generic configuration. On the contrary,
eqn (4.9) implies the vanishing of shear deformation only to the first order (recollect eqn 3.15);
hence the omission of shear strain energy from functional (4.10) induces the neglect of higher
order contributions of shear force to the equilibrium equation (2.2). As we shall see in the
following, such contributions may be not negligible, even for infinitely large shear (and axial)
rigidities.

Often eqn (4.8) is substituted by

(4.11)

upon neglect of the term 0/2)U'2, which is deemed somehow smaller than the remaining ones. It
is easy to check that eqn (4.11) is no more invariant under rigid displacements. The model based
on eqns (4.11), (4.9) and (4.10) will be called Model 4. In the next two sections, we shall see
that-despite the "smallness" of the term (l/2)u'2-Models 3 and 4 may give essentially
different answers-though both erroneous.

We shall consider a frame as a collection of a number of the above described beams, whose
ends are connected in a prescribed way at joints. We shall admit that for the frame under
consideration a stress-free configuration exists, in which all beams are straight and have normal
cross-sections; and we shall take this one as the reference configuration of the frame. The
generic configuration of the ith beam will be identified through the functions u;(-), <1';(-) defined
over the interval [0, ti], according to the treatment of Section 3. The strain energy functional for
the entire frame is defined through

(4.12)

where Uj abstractly refers to the ordered set of (sufficiently smooth) functions (u;(·), <1';(-»,
belonging to a suitable product space 'V;; hence

del
U E 'V = 'VI X 'V2X' ••. X 'VN• (4.13)

Essential (i.e. kinematic) boundary conditions impose the displacement u and the rotation <1'
to be continuous across each joint (for the sake of simplicity, joint releases are not formally
considered; nevertheless, their inclusion is trivial in concept). While obvious, it is of importance
to distinguish between continuity of displacement u and continuity of displacement components
u, v across a joint where differently directed axes meet.

For unconstrained beam models (or linearly constrained, such as Models 3 and 4) the above
mentioned continuity conditions are linear; hence, the kinematically admissible subset ilIi c 'V is
a linear manifold in 'V. No more so for nonlinearly constrained beam models; while the
configuration space 'V becomes smaller with respect to the corresponding unconstrained model,
the kinematically admissible subset ilIi get curved. The former circumstance is clearly ad­
vantageous, per se, but is largely outweighed by the penalty to be paid for the latter-in a
computational context.

5. BUCKLING AND POST·BUCKLING ANALYSIS OF THE EULER STRUT

The present section is devoted to an analytical study of the classical Euler strut, depicted
in Fig. 3(a), with the aim of gaining familiarity with the machinery developed in the previous
sections.

A perturbation analysis of the inextensible, unshearable Euler strut is remarkably simple
(see Refs. [1,7-9]). The fundamental path is trivial, and exhibits the lowest bifurcation at
A= 'T'f2, associated with the (simple) buckling mode

J,(s) = cos ('T'fsl f). (5.1)
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t

(b) (e)

Fig. 3. (a) Euler strut, (b) Roorda frame, (e) Square hinged portal frame.

The identically null second order displacement rate

4:(s)=O

is associated with the following expansion of A

A == 1r
2

( 1+~ t2 +... )

where

t == q,(0).

(5.2)

(5.3)

(5.4)

We intend here to compare these results with those obtained with Models I to 4, for
infinitely large axial and shear rigidities. According to the treatment of Section 2, we shall need
to compute the first four derivatives of functional <1>('); this being defined through eqn (4.1), the
following relations will be employed:

<I>'(U)UI == jg'(E(U»E'(U)U)

where, without loss of clarity, the same symbol (') is being used to denote differentiation of
each function <1>('), jg(.), EO with respect to its own argument. In deriving eqns (5.53

), (5.54
),

account has already been taken of eqn (4.2), which implies that derivatives of functional jg(.) of
order higher than two vanish identically.

5.1 Modell
Along the fundamental path we shall consider in this sub-section-and the next ones-the

beam undergoes pure stretch; this implies

vf(s;A)=O

q,f(s;A)=O. (5.6)
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As one would expect, position (5.6) drastically simplifies our analysis, making in fact possible­
together with the assumed homogeneity of the beam-a straightforward analytical treatment.

Equation (2.8'), through eqns (5.5'), (4.3) and (3.7), yields (for a purely stretched configura­
tion)

EAu'(l +U')(1+~ u') +AEllf2 = 0

which implicitly describes

u/(s; A)= u'(A)s.

Equation (2.12), through eqn (5.52), yields the eigenvalue problem

EA (1 +3U'+~ U,2)U"=0

GA[v'-(l +u')~]'+EAU'(1+~ u')v" =0

EI(1+3u' +~ ul2)~"+GA(l +u')[v'-(l +u')~] =0

equipped with boundary conditions

v(O) =v(t) =0

EI(1+3u' +~ U,2) ~'(O) = EI(1+3u' +~ U,2)~'(t) = O.

Equations (5.8'), (5.9') imply
uis)=O

while eqns (5.82
), (5.83

) can be manipulated in order to give the standard equation

where

(kt)2 = A(l +U')2

(1 +3u' +~ U'2) (l +u' - AEIIGA(2)'

We will consider the eigenvalue Ac corresponding to

kt= 'fr.

It is easily seen that, when EA and GA tend to infinity,

The associated buckling mode is described through

~c(s) = cos ('frsl t)

. ( ) _ (l + U~)2 t .
Vc s -1 + u~- AcEIIGAf2 ;. SID ('frslt)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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together with eqn (5.10). Notice that the buckling mode has been normalized so that

~AO) = 1.

From eqn (2.151
), through eqn (5.53

), it readily follows that

(5.16)

(5.17)

while the second order displacement rate satisfying eqn (2.13), together with the normalization
condition

(5.18)

is characterized by

"'--(1 3 ,+~ /2)-1 {(I 1)"2-+-3 E1 (1+ ')J.,2_2 GA [·'_(I+ I)J.]J.}Uc- + Uc 2 uc +ucvc · EA Uc'l'c EA Vc uc'l'c'l'c

(5.191
)

(5.192
)

(the expression of uc(s), being irrelevant to what follows, is not explicitly given). Owing to eqn
(5.17), eqn (2.152

) simplifies to

(5.20)

Through eqns (5.52), (5.54) the numerator of eqn (5.20) is evaluated as

(5.21)

Now, we have

(g""" I" = fe E' "(1 +UI )2U" '2 ds0cEcVcEcVc n c c
o

(gl ,,"2 feE'" '(1+1 I) ",2d0cEcVc = 0 nU c 2Uc Uc s

-j ~~E~zjcE';zj/= r{4El(1 + u~f~/~~2,- 8El(1 + u~)~ci)~~'/

+4GA[zj~-(1 + u~)~c]~/zj~

-1 GA(1 + u~)[zj~ - (1 + u~)~cl~/ } ds
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Particular attention should be paid to the circumstance that eqns (5.221
) and (5.223) diverge

when EA grows to infinity. Nevertheless, elementary calculations show that their sum remains
finite. In the limit for EA-+oo, GA-+oo we have in fact

+4Ae~ cos2 (71'sl t) sin2 (71'sl t)} ds

4 (pll I' '11' 3 Jt {8 ~ EI 4 ( It) 4 ~ EI 2 ( It)' 2 ( It)} d-"3 0 eEeVeE e Ve -+ (} "3 A e 7 cos 71'S - A e 7 cos 71'S sm 71'S s.

Summing up, we obtain

(5.24)

It has to be mentioned that the limit (5.231
) is obtained upon the assumption that

which seems reasonable indeed, implying

pJt= O(plt)

where

def
p =(IIA)I/2

(5.25)

(5.26)

(5.27)

The denominator of eqn (5.20) is computed, according to eqn (5.53), by summing the following
contributions

In conclusion,

(5.29)

and hence

(5.30)

in accordance with eqn (5.3).
55 Vol. 18. No. 4-E
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The presentation of next sub-sections, closely following the present one, is allowed to be
more sketchy.

5.2 Mode/2
The fundamental path is now linear (in A):

EAu' + AEI/t2 = 0

::} uf(s; A) = -AsEI/EAt2.

The equations of critical equilibrium along this path are

EAu"=O

GA[v'-(1 +u')<bl +EAu'<b' =0

EI<b" + [GA(1 + u') - EAu'Hv' - (1 + u')<b] = 0

with boundary conditions '
u(O) =0, EAu'(t) =0

v(O) = vet) = 0

EI<b'(O) = EI<b'(t) = o.

Equations (5.332), (5.333) entail

with

(kt)2 = A(1- AEI/EAt2+AEI/GAt2).

By correspondence with

kt = 7T

the following buckling mode is obtained

ue(s) == 0

<be(S) = cos (7TS/ t)

Ve(S) = (1- AeEI/EAt2 +AeEI/GAt2) {sin (7TS/t).
7T

Subsequently, we obtain Ae = 0, and the second order displacement rate

The ingredients of the numerator of eqn (5.20) are listed below:

(5.31)

(5.32)

(5.33 1
)

(5.33)2

(5.332
)

(5.W)

(5.342
)

(5.343)

(5.35)

(5.36)

(5.37)

(5.381)

(5.382
)

(5.383)

(5.391
)

(5.3~)

(5.3~)

(5.4Q2)
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-CC~E~V/E~V/ = - it EA[2v~~c - (l +u~)~/] ds

1~, IV'4_ 1ftE'A '[4·'J..3 (1 ')J..4]d-30cEc Vc - 3 0 J'1U c Vc'Pc - +Uc 'Pc S.
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(5.40")

(5.4W)

Each of eqns (5.401
), (5.4Q3) diverges, in a way depending on how EA and GA approach infinity;

nevertheless, the limit of their sum in finite and uniquely determined. We have in fact

1~, IV' 4 ft \ EI 4 ( It) d-30cEc Vc -+ - 0 A c7 cos 1TS S.

The denominator of eqn (5.20) is computed by summing the following contributions

CC~E~U/E~V/= it EAua2v~~c-(l+u~)~/]ds-+- f"';! cos2 (1Tslt)ds

2CC~E~VcE~U/Vc = -2it GA[v~- (l +u~)~c]~cu~ ds-+O

CC'E'~V/U/ = - f EAu~u~~/ds-+O.

In conclusion, we get once again

(5.43)

5.3 Model 3
The fundamental path coincides with that of Modell (eqns 5.7), while the equations of

critical equilibrium are

u(O) = 0,

EA(1+3u' +~ U,2)U" =0

Elv IV
- EAu'(1+~ u')V" = 0

with boundary conditions

EA (1 +3u' +~ U'2) u'(t) = 0
v(O) = v(t) =0

Elv"(O) = Elv"( t) =O.

Equation (5.442
) may be rewritten in the standard form

with

(5.451)

(5.452
)

(5.453
)

(5.46)

(5.47)
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By correspondence with

the following buckling mode is obtained
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(5.48)

liAs) == 0

Ve(s) = .!.... sin (1fsl f).
1f

Subsequently, we get Ae = 0, and the second order displacement rate

ii~==O

~~=O.

The numerator of eqn (5.20) is computed from

~" , .. , .. - ftE'A(l + ')2" /2 deEe VeE eVe - /I f1. U e U e S

~'Ellii2=ft EAu'(1+!u,)u,2ds
eee 0 c 2 c C

- ~ ~"E'V· ell/v· 3 = 03 ccc'll;cc

In the limit for EA and GA growing to infinity, we have

The denominator of eqn (5.20) is computed from

In conclusion, we obtain the erroneous result

(5.532
)

(5.533
)

(5.54)
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5.4 Model 4
The fundamental path coincides with that of Model 2(eqns (5.31), (5.32)), while the equations of

critical equilibrium are

EAu"=O

EbjIV - EAu'li" = 0

with boundary conditions

u(O) =0, EAu'( t) =0

1i(0) = Ii(t) = 0

Elli"(O) = Elli"( t) = O.

Equation (5.55~) is tantamount to

with

By correspondence with

kf= 1r

(5.56')

(5.562)

(5.563)

(5.57)

(5.58)

(5.59)

the same buckling mode is obtained as with Model 3(eqns (5.49». Subsequently, we get Ac = 0, and
the second order displacement rate

", ,,2
Uc = - Vc

cbc == O.

The numerator of eqn (5.20) is computed from

- ~ 't"E' Ii E'"Ii 3 = 03 ccccc

The sum of eqns (5.61'), (5.613
) vanishes for any value of EA (and GA); hence

A~ =0

(5.60')

(5.6Q2)

(5.6Q3)

(5.61')

(5.62)
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6. A COMPARISON OF RESULTS FOR SOME TEST CASES

In this section a few quantitative results, relative to the problems sketched in Fig. 3, are
collected and discussed. The early post-buckling behaviour of each system is characterized
through the relation

AlAe = 1+Alt +A2t
2 (6.1)

where

AI = A)Ae (6.21
)

1 ..
(6.22)A2="2AJAe

and t is a suitably chosen (problem-dependent) parameter. The following positions hold: for the
Euler strut (Fig. 3a) t is identified with the end rotation; for the Roorda frame (Fig. 3b) with the
clockwise joint rotation; and for the square hinged portal frame (Fig. 3c) with the ratio (beam
sidesway)/(colums height).

As far as the bifurcation point and the initial slope of the post-buckling curve are concerned,
all beam models considered in Section 4 give answers which are asymptotically coincident with
the inextensible, unshearable beam model (characterized by strain energy (4.7)). Hence, a single
list of values for Ac and Al is furnished in Table 1. On the contrary, Table 2 lists three different
sets of values for the second-order coefficient 1..2• In fact, while Models 1 and 2-which are
geometrically exact-give values of 1.. 2 which are asymptotically coincident with those obtained
from the constrained model (first column of Table 2, labelled "Exact"), Models 3 and 4 fail to
estimate correctly the curvature of the post-buckling curve at bifurcation (see second and third
columns of Table 2).

The Euler strut has been extensively analysed in Section 5, where the relevant bibliographic
information has also been given. The first analytical study of the Roorda frame is due to
Koiter[l4], who employed the theory we have called Model 3. Roorda and Chilver[l5] solved
the same problem by using the purely flexible beam model. The treatment by Koiter is
essentially duplicated within the book by Brush and Almroth[16], in terms of what we call
Model 4. All of these authors obtain coincident results for Ac and AI' None of them pursue the
evaluation of 1.. 2, which has been computed by Di Carlo et al.[17] using the purely flexible beam

Table 1. Coefficients Ac and Al

A
1

Euler strut

Roorda frame

Portal frame

Euler strut

Roorda frame

Portal frame

9.87

13.89

1. 82

Table 2. Coefficient A2

Exact

.125

.464

.158

Model 3

-.375

-.631

-.803

o.

.380

o.

Model 4.

o.

.227

-.081
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model (more detailed information may be found in Ref. [18]). The symmetric hinged portal
frame has been analysed in Refs. [17,19] on the base of the purely flexible beam model. Model
2 was previously employed for the same problem by Alessi et al. [20].

The performance of exact vs geometrically approximate beam models displayed by Tables 1
and 2 is obviously far from accidental. A scrutiny of the perturbation procedure sketched in
Section 2, and detailed on a sample problem in Section 5, shows that, if the fundamental state is
purely stretched, the kinematic approximations introduced with Models 3 and 4 induce errors
which are vanishingly small-when the axial rigidity grows to infinity-up to, and including, eqn
(2.13), which determines the second-order displacement rate vc' No more so for the eqn (2.14),
determining v~-and hence f e• The above statement remains true if in the fundamental state the
beam is asymptotically axially loaded-as it happens to be for the Roorda frame.

As a consequence, the analysis of the Roorda frame in Refs. [14,16] is perfectly legitimate,
being pushed not beyond third-order energy terms. On the contrary, the use of Model 4 (or 3)
for analysing fourth-order systems-as proposed for instance by Care et al. [21]-is devoid of
foundation. The same criticism applies, a fortiori, to global nonlinear analyses based on
kinematically approximate beam models. It is difficult, for instance, to assess the real accuracy
of the direct non-linear analysis of the Roorda frame by Kounadis et al. [22], based on Model 4,
in spite of the extreme numerical accuracy of the alleged results.

7. A COMMENT ON FINITE ELEMENT REPRESENTATION
OF NONLINEAR BEAM MODELS

As a conclusion, a brief comment on the actual numerical implementation of the described
perturbation procedure and nonlinear beam models, seems to be appropriate. We shall concen­
trate on compatible finite element models of geometrically exact theories of unconstrained
planar beams.

Non-linearly constrained models have in fact been shown to be unsuitable for the analysis
of general planar frames. Within Section 1, we have already cited the work by Thompson and
Hunt[8], as an example of application of the finite element technique, which-while successful
in the simple problems considered by these authors-has no capabilities as a "general purpose"
procedure. It is evident, in fact, that within the formulation adopted by Thompson and Hunt
(purely flexible beam with the transverse displacement component v(s) as the sole field
variable), such a basic operation as the enforcement of displacement continuity across a joint
requires non-trivial ad hoc programming. One could hopefully expect that releasing the sole
axial inextensibility constraint would be enough for getting off troubles. A glance at eqn (3.15)
should, however, convince of the contrary. In fact, if Bernoulli hypothesis holds, the only
practical way of enforcing the continuity of rotation across a joint, is to require the gradients of
both displacement components u', v'to be separately continuous across the joint. Un­
fortunately, the solution itself can not possess such a continuity, wherever a geometric, or
dynamic, or material singularity exists. Actually, this approach has been fruitfully adopted for
performing nonlinear finite element analyses of single homogeneous beams loaded at the
ends [23]. Its application to slightly more complicated frame problems would exhibit disastrous
convergence properties.

On the contrary, unconstrained-though geometrically exact-beam models, such as Models 1
and 2, lend themselves naturally to the implementation of a simple and efficient stiffness method,
based on the same standard interpolation functions currentlyused in linear analyses (accountingfor
shear deformability). The results presented in Tables I and 2 have in fact been obtained through
parallel analytical and numerical procedures. A completely satisfactory agreement has been
found-both for buckling and post-buckling-with a reasonably small number of freedoms.

We defer tQ a specific paper the detailed description of this finite element perturbation
technique (but an early account may be found in Ref. [11]). A specific difficulty is however
appropriately mentioned here, being connected with the treatment of axially and/or transversely
stiff beams (to fix ideas, think of ratios EI/EAfl, EI/GAfl or order 10-5).

It is well known that rigidities different by orders of magnitude may cause numerical troubles
due to truncation errors, also in linear analyses. Apart from that, a specific problem arises in the
computation of the second order load parameter ratei:e, which is directly connected with the finite
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element representation, and not with the implementation on digital computer. We have seen in
Section 5 that the dominant contributions to the numerator of eqn (2.152

) yielding ;':0 are

f EAii?ds (7.1)

and

-f EA¢/ds. (7.2)

But terms (7.1) and (7.2) nearly cancel each other, and the numerator of eqn (2.152) turns out to
be of the order of EIll. This circumstance is not peculiar to the particular problem treated in
Section 5; on the contrary, it occurs in any post-buckling analysis, possibly in a more
complicated form. The simple explanation is that for the inextensible, unshearable beam we
should have exactly

(7.3)

and hence axial and shear rigidities growing to infinity put an increasingly large penalty on any
solution that violates eqn (7.3), even slightly.

The consequences are that if the finite element representation of ii~ doesn't match with that
of ¢}, the numerical value obtained for ;".'c will be dominated by the interpolation error,
magnified by a large elastic constant. Of course, the standard interpolation (u(') elementwise
linear, 4>(') quadratic, v(') cubic), while excellent for representing the fundamental path and
the buckling mode, can not cope with eqn (7.3), a piecewise constant ii~ being confronted with a
piecewise quartic ¢}. Different avenues are open for giving this problem a computationally
sound solution: reduced integration, strain interpolation, addition of special "bubble" functions.
The last two alternatives have been experimented with full success.
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